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Abstract In this paper we have assumed charged non-perfect fluid as the material content of
the space-time. The expression for the “mass function-M (r, y, z, t)” is obtained for the gen-
eral situation and the contributions from the Ricci tensor in the form of material energy den-
sity p, pressure anisotropy [ 2 2;”’ 3 — pi1], electromagnetic field energy £ and the conformal
Weyl tensor, viz. energy density of the free gravitational field € (= 72:2) are made explicit.
This work is an extension of the work obtained earlier by Rao and Hasmani (Math. Today
XIIA:71, 1993; New Directions in Relativity and Cosmology, Hadronic Press, Nonantum,
1997) for deriving general dynamical equations for Dingle’s space-times described by this
most general orthogonal metric,

ds® = exp(v)dt? — exp(\)dr® — expRa)dy* — exp(28)dz>,
where v, A, @ and g are functions of all four space-time variables r, y, z and 7.

Keywords Newman-Penrose formalism - General dynamical equations -
Energy-momentum scalar - Free gravitational energy

1 Introduction

The general dynamical equations for spherically symmetric space-times were given by
Lemaitre [5], Bondi [1], Misner and Sharp [7], Podurets (1964) and Ruban (1983). The
formalism is based on the definition of the “mass function-M (r, y, z, t)” which in the weak
field approximation gives the Newtonian results. However, Narlikar [8] pointed out a geo-
metrical defect in the definition of the “mass function-M(r, y, z,t)”. It is well known that
the Riemann curvature tensor can be decomposed into Weyl tensor (representing the free
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gravitational field), the Ricci tensor and its spur (representing the matter fields). Thus the
mass function must consist of contributions from the gravitational field as well as the mate-
rial distribution filling it. The “mass function-M (r, y, z, t)” mentioned above lacks this type
of combination as it is related with material density only. To resolve the defects mentioned
above Krishna Rao (1971, 1972, 1973) initiated a new formalism, which is more geometrical
in nature. In this formalism an eigen value of the Weyl conformal tensor € was introduced
in the transverse components of the Einstein tensor, this simplifies mathematical procedure
and the “mass function-M (r, t)” is given by

M(r,t) = (4/3) (p + € R’, ey

where p is the proper energy density and R is the Eulerian (or position) coordinate so that
R(r,0) = r. The expression for the “mass function-M (r,t)” given in (1) was obtained an
algebraic combination of field equations.

The above formalism has been extended to axially symmetric space-times by Krishna
Rao and Seshaiah [4] as well as Dingle’s space-times by Krishna Rao and Hasmani [2, 3].

It is well known that the equations of motion for a perfect fluid distribution [10] contain
(p + p) as the inertial mass per unit volume, where p denotes the isotropic pressure. How-
ever, from (1), we note that the Ricci tensor contribution to the mass function is in the form
of material energy density p only and the isotropic pressure p does not contribute in any
way. In more general situations where there is an anisotropy on the pressure (1) is modified
as

M(r,t)=(@r/3) (p+ pL— pr + OR’, 2)

where p, and p, are pressures along radial and transverse directions respectively. From (2)
the contribution of pressure anisotropy in the mass function is clear. In the case of Dingle’s
space-times there is complete anisotropy since we can choose pressure in all three space
directions as totally different, this case was discussed in [3]. In the present paper we further
extend our earlier formalism to obtain general dynamical equations for Dingle’s space-times
filled with a charged non-perfect fluid and thereby deduce the formula for mass function,
which contains all pressures and electromagnetic field energy.

In Sect. 2 we introduce the metric and field equations whereas Sect. 3 gives the general
dynamical equations. The paper ends with concluding remarks in Sect. 4.

2 The Metric and Field Equations
The metric for Dingle’s space-time is given by
ds® = exp(v)dt? — exp(\)dr® — exp(Ra)dy* — exp(28)dz>, 3)

where v, A, « and § are functions of all four space-time variables r, y, z and ¢. The metric
(3) does not possess any symmetry properties.
We define the directional derivatives associated with the metric (3) as,

D, =exp(—A/2)(3/0r), 4)
D, = exp(—a)(3/dy), 5
D, = exp(—p)(9/92), (6)
D, = exp(—v/2)(3/d1). @)
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Assuming that the space-time is filled with a charged non-perfect fluid of proper material
density p and pressures p;, p», p3 respectively along r, y, z directions, we write the energy-
momentum tensor as [6]

= puqu’ + Z Py 0" ?) = Fu, F* + (1/4)8] Fyn F™, ®)
where
v = (exp(—1/2),0,0,0), ©)
v@? = (0, exp(—a), 0, 0), (10)
v = (0,0, exp(—B), 0), (1)
=(0,0,0,exp(—v/2)), (12)

and F® denotes Maxwell’s electromagnetic field tensor satisfying Maxwell’s equations in
the form,

Flape1 =0, (V=8F™) ,=v=gJ", (13)
where a square bracket in (13) denotes cyclic rotation of indices within it.
The electromagnetic field energy density £ is given in terms of Maxwell’s tensor F* and
its dual *F'* as
E=UE+1H'2, (14)
where I) = (—=1/2)F*F; and I, = (1/4)* F;; F'*.
We now define the invariant velocities along y and z directions as

dexpo .
U:u“( " ):D,(expa):exp{oz—(u/Z)}a,
(15)

0x¢

v =u“<8eXPﬁ> = Dy(exp ) = explf — (v/2)} .

Throughout this paper we denote partial differentiation with respect to ¢ and r respec-
tively by an overhead dot and a prime whereas a similar differentiation with respect to y and
z coordinates is denoted by suffixes 2 and 3 respectively.

We also define two more quantities as below

I'=D,(expa) =exp{a — (A/2)} o’
X =D, (expB) =exp{B— A/} B'.

(16)

The field equations for (3) are written using Dingle’s formulae [11] with appropriate
modifications after using (8)—(12). Thus,

8T =8n(p; — &) =G|
=exp(=M){a'B + (1/2)n'v'}
—exp(—2a){Bxn + (1/2)var + (1/H)v; — (B2 + (1/2)2) (o2 — Ba)}
— exp(—2B){az3 + (1/2)v33 + (1/4)v5 — (a3 + (1/2)v3) (03 — B3)}
—exp(—v) — &+ B+ B>+ 26 — (1/2)nD, (17)
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(TS + T3) = —dm(pa + ps — 26) = (1/2)(G5 + G3)

=8me —exp(—2) {o" + " — o' — (1/2n' (V' —V'}
+ exp(—2a){ B — (1/2)(Ax2 + vio + B3) — (1/4) (05 + v3)
+ (A2 + 1) (2 — o) — a2 f5a )
+ exp(—2B){azs — (1/2)(h33 + v33 + o5 — (1/4) (A3 +v3)
+ (A3 + v3) (a3 — B3) — a3 B3}
+exp(—v) {@+ B+ + B —apf — (1/270 — 1)}, (18)

87T, =8n(p+ &) =G}
=—exp(—\) {a" + B — o+ B%— (1/20'\ +o'B'}

A 23 , A2
—exp(—2a) > + B+ ) + B85 — 7(% —B2) — a2

— exp(—2) { 1

— +a33+k—§+ﬂ32— E(ozg ) —a3,83}
2 4 2
+exp(—v) {& + B+ &>+ B2 —ap — (1/2)n0 — )}, (19)
87Ty =0=Gy=exp(=1) (B + (1/2)v) + B'B2 + (1/4)V'v
— (/522 +1') — (1/2)a' 262 + v}, (20)
8m Ty =0=Gj=exp(—1) {o5 + (1/2)v} + &3 + (1/4)v'v3
— (1/9)232a’ + V) — (1/2)8' Qa3 +13)} (21)
87T} =0=Gy=exp(—2) {a'+ B +a+— (1/in — (1/2v'n},  (22)

87Ty = 0=G3 =exp(—v) [(1/2)4s + B2 + (1/D sk + Bofp

—(@/2)2B2+ 1) — (n/HRE+ 1)}, (23)
87Ty =0=G3=exp(—v) {(1/2)43 +d3 + (1/DAsh + a3

— (B/D) Qa3+ A3) — (v3/H(2a + 1)}, (24)
8Ty = 0= Gj =exp(—2a){ A2 + vz + (1/2) (AoA3 + v213)

—a3(Aa+v2) — Ba(hs +m3)}, (25)

where n = « + 8 and we have introduced in (18) the Newman-Penrose (1962) scalar W,
such that

8me = —6W,(1/4) [exp(—x) [2"+B" = V' +a”+ 7 =V — (=) —4a'B'}

+ exp(—20){ A2 + vio — 4B + (1/2)(A] +v3) —4p3
— (A2 + ) (02 — B2) — hava + 4o}
+ exp(—2B){A33 + v33 — 4oz + (1/2) (A3 +13) — 4a3
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+ (A3 + v3) (a3 — B3) — A3vs + 4asfs }
texp(—n) {20 —d — f+i2— & — ) — (Gh—b)h —ib + 4&;3‘}]. (26)

As earlier [2, 3], we interpret € as the energy density of the free gravitational field.

3 The General Dynamical Equations

The expressions for exp(A) can be obtained by the algebraic combination of (17)+ (19) —
(18), thus we get

-1
exp(—1) = [Uv + K exp(n) — (87/3) {p e+ B2 ; Bt 35} eXp(n)]
x exp(ma'p’ 27
or
exp(—1) = (F'D) " exp(n)a/ B, (28)
where
IS =UV +Kexp(n) — (87/3) {e +o+ pz;’m —n +35} exp(n)  (29)
and
K = {exp(—2a)(Bx + By — @2B2) + exp(—2B)(az3 + o5 — o3B3} (30)

(denotes the Gaussian curvature of the 2-surfaces spanned by the y and z coordinates).

It is also possible to relate {€ + p + % — p1 + 3&} with the Gaussian curvature of the
2-surfaces spanned by r, ¢t coordinates (see Robinson and Trautman [9]). In analogy with
earlier cases [2, 3] we may write,

+
M(r,y,z,r>={e+p+p22p3

- P +35}6Xp(3n/2). (31
From this it is clear that the mass function-M (r, y, z, t) here consists of the Ricci tensor

contribution {p + £ 2? 2 — p1 4 3&} as well as the Weyl conformal tensor part €.
Using (22) and (27) we obtain

exp(B)D;U +exp(a) D,V = (I'E/2) {exp(e) {dv/d (exp )} +exp(B) {dv/d (exp B)}}

+exp(n) {X — (87/3) (6 +po+ P er LEg 21)1)} . (32)
where
X =exp(—v/2) [{ Dy, + D.. + D} + D?} exp(v/2)]. (33)
The baryon conservation equation (nu“)., = 0 simplifies to
A%
D, (nexp(n)) = —nexp(n) [eXp(ﬂ) = — } + exp(a) { — ” . (34)
d(expn) d(expn)
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Applying D, to (27) and then using (17), (22) we get

DM = (1/2)exp(n/2) D, (K expn) + (1/4) exp(n/2)W(X — 8 p)
— (1/4)exp(n/2)[D,(UV + £T') — (1/2) exp() (exp(—2c) D, (U* 4+ T'?)
+ (exp(=2B8)D, (V> + £%)))]. (35)

where

W =exp(v/2){exp(B)U + exp(a) V} = exp(i)7). (36)
We may term (13), (14), (30), (31) and (35) as “dynamical equations” since they govern
evolution of the system.
Similarly, we get
D.M = (1/2)exp(n/2) D, (K expn) + (1/4) exp(n/2) Z(Y — 8mp)
— (1/4)exp(n/2)[D,(UV + ET) — (1/2) exp(n) (exp(—2a) D, (U 4+ T?)

+ (1/4)exp(n/2) (exp(=28) D, (V* + £7)))]. (37)

where
Z =exp(A/2){exp(B)[" + exp(x) X}, (38)
Y =exp(—4/2) [{Dyy + D.. + D} + D2} exp (1/2)] (39)

we further obtain,

(exp(a) Dy + exp(B)D.) M
= (exp(@) Dy +exp(B) D) {K exp(3n/2)} + exp(n/2)[U D;{(exp B)2 + (expa)s}
+ VDif(expa); + (exp )3}l +exp(n/2)[UV {ny + 13 — 2(v2 + v3)}
—TX{n2+n3 —2(A2 + 23)} — exp(n/2)[I' D, {(exp B)2 + (exp B)3}
+ XD, {(expa), + (expa)s}]. (40)

4 Conclusion

We have derived general dynamical equations for the Dingle’s space-times filled with
charged non-perfect fluid, as pointed out earlier these equations govern the evolution of
the system. Also the expression of the mass function-M (r, y, z, t) is obtained for this gen-
eral situation and the contributions of pressure anisotropy, electromagnetic field energy and
energy density of free gravitational field are made explicit. We hope that the present formal-
ism will help to analyze the evolution of physical systems of general nature by taking into
account the different contributions to the mass function mentioned above.
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